We shall use the r-method of Lanczos to obtain rational approximations to the logarithm which converge in the entire complex plane slit along the nonpositive real axis, uniformly in certain closed regions in the slit plane. We also provide error estimates valid in these regions.
1. Suppose z is a complex number, and s(l, z) denotes the closed line segment joining 1 and z. Let y be a positive real number, y ¿¿ 1. As a polynomial approximation, of degree n, to log x on s(l, y) we propose p* G Pn, Pn being the set of polynomials with real coefficients of degree at most n, which minimizes Thus, minimizing \\xp' -1|| subject to p(l) = 0 is equivalent to minimizing ||«-|| among all i£P" which satisfy -ir(0) = 1. This, in turn, is equivalent to maximizing |7r(0) I among all v G Pn which satisfy ||ir|| = 1, in the sense that if vo maximizes |7r(0)[ subject to ||x|| = 1, then** = -iro/-7ro(0) minimizes ||x|| subject to -ir(0) = 1. For, -v*(0) = 1 and since ||7r0|| = 1, ||ir*|| = l/|ir0(0)|. Now suppose v G Pn satisfies -ir(0) = 1, then vi = 7r/||ir|| has norm 1 and so |iri(0)| = |ir(0)|/||7r|| = l/lk|| = |tto(0)| = l/||.r*||, from which we conclude that ¡|tt*|| = ||t||.
Since 0 is exterior to s(l, y), it is known (cf. Rivlin and Shapiro [3, p. 684] ) that the Chebyshev polynomial for s(l, y), Tn.y(x) = Tn((2x -(1 + V))/(l -V)) , (where T"(x) = cos nd, x = cos 9, 0 = 8 _ v) is the polynomial satisfying || r",v|| = 1 and |*(0)| < |.Tn,.,(0)| for all v G Pn, \\v\\ = 1, v ^ ± Tn,y. Thus v" is Tn,y and ||xp' -1H is minimized, subject to p(l) = 0 for p = p* when We shall take rn0z), where z is any complex number which does not satisfy z = 0, as our rational approximation to log z, and study its convergence to log z as n -» °o in the next section. The determination of the polynomial approximation to log x, p*(x), by means of (5) is Lanczos' r-method with t = -l/Tn,v(Çi). Lanczos [2] starts with rTn,y on the right-hand side in (5), whereas we have provided here a justification of this choice. A more detailed and systematic exposition of this view of the tmethod is given in Rivlin and Weiss [4] .
2. The rational function defined in (8) can be rewritten in the form
which reveals that the numerator and denominator of rn0z) are polynomials of degree n. Before studying the properties of r"iz) further, we wish to consider its effectiveness as an approximation to log z. Suppose that z =■=■ 1 is a complex number which does not satisfy z = 0. Then if w G s(l, z) we integrate the differential equation wp*'iw) -1 = TnAw)/-TnA0) along s(l, z) to obtain, after an elementary change of variables,
where we have used the facts that p*(l) = 0, p*(z) = rn(z) and Tn *(0) = Tn((z + 1)/(Z -1)).
Note that the point
is exterior to [ -1, 1] . Let Cp, for 0 < p < 1, denote the ellipse in the f-plane, f = £ + »?,
which has foci at (±1, 0), p as sum of its semiaxes and passes through the point f. •'-i--rd -1 -i-+ r7-! (í -f)*â nd the conclusion follows from Lemma 1. Therefore r"(z) -log z is a single-valued analytic function in Pp, and since (18) holds on Pp, it holds throughout Pp by the maximum modulus principle. The set of limaçon domains Pp, 0 < p < 1, satisfy Pp, C PPs when pi < p2, and every z not satisfying z ^ 0 is contained in Pp for p close enough to 1. A typical Pp, p = .5, is shown in Fig. 2 .
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Figure 2 3. Having established the convergence of our rational approximations, we wish to examine other of their properties. The function log z satisfies the functional equation log z = -log (1/z). We wish to show that the same is true of rn(z). (19) now follows easily upon replacing z by 1/z in (9). Remark 1. In the slit plane, -v < arg z < v, f(z) = log z also satisfies/(z) = [f(z)]* and so does/(z) = r"(z). The asterisk denotes the complex conjugate in the preceding sentence.
Remark 2. The limaçon Pp defined in (16) is transformed onto itself by the mappings z^>z,z-> 1/z, hence also by z -» 1/z, and the same is true of Pp. Thus, approximation to log z throughout Pp is easily obtainable from evaluations of rn(z) in Pp (\ {\z\ ál}. and (24) follows at once. Equation (25) follows from (26) and the three-term recurrence relationship for the Chebyshev polynomials.
Remark. We observe from (24) that the coefficients of Dn are palindromic. Moreover, it is clear from (22) that z -1 is a factor of Nniz) and that znA7"(l/z) = -iV"(z) sothat iV"(z) = (z -l)Ñn-iiz).
These two relations imply that the coefficients of A^"_i are palindromic. (29) is a consequence of (27) and the three-term recurrence relationship for the Chebyshev polynomials. The form of these approximations resembles those obtained from the continued fraction expansion of Euler (cf. Khovanskii [1, Formula 4.7, p. 112]), but the actual coefficients appearing are different for n > 1. Indeed, it appears that the Euler approximations are obtainable from ours by replacing the Chebyshev polynomials throughout by Legendre polynomials, which suggests that the convergents in the Euler expansion would be obtained by replacing the uniform norm by the leastsquares norm in the minimum problem of Section 1 and following our subsequent procedure. We wish to thank our colleague, B. Weiss, for several helpful discussions about this work, and the referee for suggesting several improvements in the exposition.
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